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Abstract. We present a method to calculate directly theK matrix for the pion electro-production processes
in the framework of chiral quark models which allows for a clean separation of the resonant amplitudes
from the background. The method is applied to the calculation of the multipole amplitudes M1+, E1+,
and S1+ in the ∆ channel within the Cloudy Bag Model. A good overall description is found in a broad
energy range.
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1 Introduction
Electro-production experiments reveal important informa-
tion on the structure of nucleon resonances and provide
stringent tests of quark models. In particular the ∆(1232)
has been studied extensively (see [1] and references therein
for a short review and basic nomenclature). In these stud-
ies ([2], see also [3,4] and [5] in the elastic sector) the
important role of the pion cloud in baryons has become
evident, manifesting itself in a relatively large probabil-
ity for the quadrupole excitation of the ∆. Such a large
probability cannot be explained in the framework of the
constituent quark model unless the exchange currents gen-
erated from the one-pion-exchange and/or the one-gluon-
exchange potentials are included as required by current
conservation [6]. This is also an indication of the relevance
of pions or, equivalently, the qq¯ pairs.
In most approaches only the amplitudes for the exci-
tation of the resonance have been calculated, treating it
as a bound state, i.e. ignoring its decay. While such an
approach can be justified in the case of weak or electro-
magnetic resonance decays, its use in the case of strongly
decaying resonances is not well founded. In fact, the ex-
cited states manifest themselves as resonances in meson
scattering and, since the resonant scattering (as well as
the electro-production process) is always accompanied by
non-resonant processes, the extraction of the resonant am-
plitudes is not straightforward. The resonant contribution
is related to the pole residue of the corresponding K ma-
trix; following the notation of [7], the K matrix for scat-
tering is parameterized as
K =
C
ER − E +D (1)
and the K matrix for the electro-production as
K =
A
ER − E +B , (2)
where C and A represent the resonant parts and D and B
the background. The E is the invariant mass of the system.
In order to extract the resonant part of electro-production
amplitudes of given multipolarities, the information not
only from electro-production but also from scattering is
needed. In the model calculation of these amplitudes one
usually takes the experimental values for the parameters
of the resonance such as the position, the width, and the
background phase shift. While this is possible in the case
of the ∆(1232) where relatively precise measurements are
available, such an approach cannot be used in the case
of other resonances, e.g. the Roper. The only sensible ap-
proach is therefore to calculate both electro-production
and scattering within the same model.
The aim of this work is to construct a feasible compu-
tational scheme for the full electro-production amplitudes,
calculating directly the pertinent K matrices. The result-
ing matrices for scattering and electro-production appear
in the forms (1) and (2); to separate the resonant con-
tribution from the background it is therefore sufficient to
pick up the respective residues. From the K matrices it is
possible to deduce the electro-production amplitudes as a
function of E, as well as their dependence on the photon
virtuality Q2. Furthermore, the method is able to predict
the EMR and CMR ratios not only at the K matrix pole
but also at the T matrix pole which allows us to make the
comparison with calculations based on the T matrix.
We show that in models in which the pion field is lin-
early coupled to the quark core it is possible to construct a
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computational scheme which goes beyond the usual per-
turbation approach. We present the calculation for one
such model, the Cloudy Bag Model in sec. 5. The am-
plitudes are sufficiently well reproduced from the pion
threshold up to the energy region where the two-pion de-
cay becomes important and the assumption of the single-
pion channel breaks down. Our calculation of theM1+ am-
plitude is similar to that in ref. [8] using the T -matrix ap-
proach (see also [9]). However, to the best of our knowledge
neither the full E1+ amplitude has been calculated in the
framework of quark models, nor has the Q2-dependence
of the amplitudes been explored away from the resonance.
2 Electro-production amplitudes in the
K-matrix formalism
The K matrix for piN scattering is defined as:
Kβα = −pi〈Φβ |H ′|ΨPα 〉 = −pi〈ΨPβ |H ′|Φα〉
(see e.g. [10]), where H ′ is the interaction part of the
Hamiltonian, |Φα〉 are the asymptotic (unperturbed) states
with α labeling the pion-nucleon system, and |ΨPα 〉 are the
principal-value states satisfying
|ΨPα 〉 = |Φα〉+
P
E −H0 H
′|ΨPα 〉 , (3)
and normalized as
〈ΨPα (E)|ΨPβ (E′)〉 = δ(E − E′)δαβ(1 +K2)αα .
The K matrix is related to the familiar T matrix1 by
T = − K
1− iK .
In the case of a single channel, the K matrix is equal to
the tangent of the piN-scattering phase shift, K = tan δ.
In order to introduce the electro-production ampli-
tudes in this formalism, we make the usual assumption
that “switching on” the electro-magnetic interaction Hγ
does not change the strong scattering amplitudes, i.e. the
principal-value states (3) remain unchanged. The K ma-
trix for the electro-magnetic process is
Kγpi = −pi〈ΨP(ms,mt;k0, t)|Hγ |N(m′s,m′t);kγ , µ〉 .
Here the initial state corresponds to the incoming virtual
photon with four-momentum (ωγ ,kγ), ω
2
γ−k2γ = −Q2 and
polarization µ, and the nucleon with the third component
of spin m′s and isospin m
′
t; the final state consists of a nu-
cleon and a scattered pion with four-momentum (ω0,k0)
and third component of isospin t. In the c.m. frame the
nucleon momentum is opposite to the photon (pion) mo-
mentum, kγ , which defines the direction of the z-axis.
1 Here we use the definition of the T matrix as e.g. in [7]
which differs by a factor pi from that in [10].
We expand the pion-nucleon states in a basis with good
total angular momentum J and isospin T which we write
as
ΨPJT (MJMT ; k0, l) = K
JT
pipi Ψ˜JT (MJMT ; k0, l) .
Here KJTpipi is the K matrix for pion scattering in the chan-
nel JT and is related to the corresponding T matrix by
T JTpipi = K
JT
pipi /(1 − iKJTpipi ). The advantage of using Ψ˜ over
ΨP is that it is a smooth function of the energy and its
norm does not diverge at a (possible) resonance where
K ≡ tan δ →∞. The incoming photon-nucleon state takes
the form
|N(m′s,m′t);kγ , µ〉 =
√
ωγkγ a
†
µ(kγ)|Nm′sm′t〉 ,
where a†µ(kγ) is the creation operator for the photon and
the factor
√
ωγkγ ensures proper normalization.
In this article we study the production of p-wave pions
in the ∆ channel below the two-pion threshold, though the
calculation can actually be extended to higher energies un-
til the effect of the two-pion channel becomes prominent.
For simplicity, we neglect the recoil corrections to the nu-
cleon ground state. To obtain the electro-production am-
plitudes in this channel, we keep only the p-wave pions
and the J = T = 32 components in the expansion of the
piN system (in this case we drop the JT superscripts). The
T matrix for electro-production can then be written as
Tγpi = piTpipi
1
√
2pi
3
∑
m
Kλ Y1m(rˆ)C
3
2
λ
1
2
ms1m
C
3
2
1
2
1
2
1
2
10 .
Here we have introduced the analogues of the familiar
transverse helicity amplitudes:
Kλ =
√
ωγkγ 〈Ψ˜∆(MJ = λ)| e0√
2ωγ
∫
dr εµ · j(r)
×eikγ ·r|N(m′s = λ− µ)〉 , (4)
where j(r) is the vector part of the electro-magnetic cur-
rent andMT = m
′
t =
1
2 . The transverse electro-production
amplitudes are
M
(3/2)
1+ = −Tpipi
√
3
16k0kγ
1
2
√
3
(3K3/2 +
√
3K1/2) , (5)
E
(3/2)
1+ = Tpipi
√
3
16k0kγ
1
2
√
3
(K3/2 −
√
3K1/2) . (6)
The scalar amplitude is
S
(3/2)
1+ = Tpipi
√
3
16k0kγ
1√
2
KS ,
where
KS = e0
√
kγ
2
〈Ψ˜∆(MJ = 12 )|
∫
dr ρ(r)eikγ ·r|N(m′s = 12 )〉 .
(7)
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The longitudinal amplitude L1+ is obtained by simply re-
placing the density operator by ε0 · j(r).
The differential cross-section averaged over the initial
states m′s = ± 12 and µ = ±1 reads
dσT
dΩ
=
(2pi)4
k2γ
1
4
∑
m′sµ
∣∣∣∣Tγpipi
∣∣∣∣2 (8)
for the transverse photons; for the longitudinal photons
the average is taken only over one polarization, µ = 0.
Equation (8) yields the familiar expression in terms of the
pertinent electro-production amplitudes and the scatter-
ing angle (see e.g. [11]). The EMR and CMR ratios are
defined in the usual way [12] as
EMR =
Re [E
(3/2)∗
1+ M
(3/2)
1+ ]
|M (3/2)1+ |2
,
CMR =
Re [S
(3/2)∗
1+ M
(3/2)
1+ ]
|M (3/2)1+ |2
.
3 Calculation of the K matrix in chiral quark
models
In this work we consider quark models in which p-wave
pions couple linearly to the three-quark core. Assuming
a pseudo-scalar quark-pion interaction, the part of the
Hamiltonian referring to pions can be written as
Hpi =
∫
dk
∑
mt
{
ωk a
†
mt(k)amt(k)
+
[
Vmt(k)amt(k) + V
†
mt(k) a
†
mt(k)
]}
, (9)
where a†mt(k) is the creation operator for a p-wave pion
with the third components of spin m and isospin t, and
Vmt(k) = −v(k)
3∑
i=1
σimτ
i
t (10)
is the general form of the pion source, with v(k) depending
on the particular model.
Chew and Low [13] considered a similar model as (9)
except that they did not allow for excitations of the nu-
cleon core. They showed that the T matrix for piN scatter-
ing is proportional to 〈Ψ (−)(E)|Vmt(k)|ΦN〉, where Ψ (−)(E)
are the incoming states. In general, the corresponding for-
mula for the K matrix cannot be written in such a simple
form. However, in the JT basis, in which the K and T ma-
trices are diagonal, it is possible to express the K matrix
in the form2
KJTpipi (k, k0) = −pi
√
ωk
k
〈ΨPJT (E)||V (k)||ΦN〉 . (11)
2 In the static approximation, k0 is uniquely related to the
energy E = EN+ω0, so one can use either k0 or E to label the
states; for the on-shell K matrix we write K(k0, k0) = K(E).
The corresponding principal-value state obeys a similar
equation as the in- and out-going states in the Chew-Low
model:
|ΨPJT 〉 =
√
ω0
k0
{[
a†(k0)|ΦN〉
]JT − P
H − E [V (k0)|ΦN〉]
JT
}
,
(12)
where [ ]JT denotes coupling to good J and T . In order to
rewrite this equation in a form more suitable for a prac-
tical calculation, we insert into (12) the complete set of
eigenstates of H
1 = |ΦN〉〈ΦN|+
∑
JT
∫ ∞
EN+mpi
dE
|ΨPJT (E)〉〈ΨPJT (E)|
1 +KJTpipi (E)
2
+2pi-states + · · ·
For energies below the 2-pion threshold only the one-pion
states contribute, hence the equation of motion takes the
form:
|ΨPJT (E)〉 =
√
ω0
k0
[
a†(k0)|ΦN〉
]JT
−
∫
dE′
|ΨPJT (E′)〉
1 +K(E′)2
〈ΨPJT (E′)| [V (k0)|ΦN〉]JT
E′ − E . (13)
Let us remark that for a general chiral quark model,
the K matrix and the corresponding principal-value state
can be calculated variationally using the Kohn variational
principle. For the single-channel scattering of a meson
with momentum k0 and energy ω0 [14] it amounts to re-
quiring the stationarity of
tan δ − piω0
k0
〈ΨP|H − E|ΨP〉 ,
where ΨP is a suitable chosen trial state.
4 Solution in the ∆ channel
The important difference between our approach and the
approach of Chew and Low is that the interaction V (k)
can generate bare quark states with quantum numbers
different from the ground state by flipping the spin and
isospin of the quarks. Furthermore, in the same spirit one
can consider a more general type of models in which the
quarks can be excited to higher spatial states. The state
with the flipped spins plays a crucial role in the formation
of the resonance in the delta channel. The general form
(13) therefore suggests the following ansatz in which we
separate the resonant quasi-bound state Φ∆ from the state
corresponding to pion scattering on the nucleon:
|Ψ∆〉 =
√
ω0
k0
{[
a†(k0)|ΦN〉
] 3
2
3
2
+
∫
dk
χ(k, k0)
ωk − ω0
[
a†(k)|ΦEN(k)〉
] 3
2
3
2 + cE∆|Φ∆〉
}
. (14)
We require that the resonant state Φ∆ does not contain
components with pions around the nucleon, since such a
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component is already included in the first two terms. We
therefore impose the following constraint on Φ∆:
〈Φ∆|a†mt(k)|ΦN〉 = 0 .
We allow for the modification of the pion cloud in the
nucleon in the presence of the scattering pion but require
that such a state, |ΦEN〉, asymptotically goes over to the
true ground state |ΦN〉. The pion amplitude is related to
the K matrix by
χ(k0, k0) =
k0
piω0
Kpipi(k0, k0) . (15)
Iterating (13) using the ansatz (14) we obtain the so-
lution for χ(k, k0) in the form
χ(k, k0) = −cE∆V∆N(k) +D(k0, k) .
The V∆N(k) and D(k0, k) obey the integral equations:
V∆N(k) = V∆N(k) +
∫
dk′
ω′k − ω0
KN(k, k′)V∆N(k′) ,
D(k0, k) = KN(k0, k) +
∫
dk′
ω′k − ω0
KN(k, k′)DN(k0, k′) ,
where
V∆N(k) = 〈Φ∆||V (k)||ΦN〉 ,
and KN(k0, k) is the kernel involving scattering channels
also for JT 6= 32 32 . It is dominated by the crossed term
involving the nucleon; the contributions from the crossed
terms involving the delta and the Roper resonance are
small while the channels with J 6= T negligible. Neglect-
ing the widths of the resonances (see discussion in ap-
pendix A) as well as assuming ΦEN ≈ ΦN allows us to
write the kernel in the form
KN(k′, k) = 4
9
〈ΦN||V (k′)||ΦN〉〈ΦN||V (k)||ΦN〉
ωk + ω′k − ω0
+
1
36
〈ΦN||V (k′)||Φ∆〉〈ΦN||V (k)||Φ∆〉
ωk + ω′k + ε∆ − ω0
+
4
9
〈ΦN||V (k′)||ΦR〉〈ΦN||V (k)||ΦR〉
ωk + ω′k + εR − ω0
. (16)
Here ε∆ = E∆ − EN and εR = ER − EN are the delta-
nucleon and the Roper-nucleon energy splittings, respec-
tively.
The solution for cE∆ can be written as
[E∆(ω0)− E] cE∆ = −U∆N(k0)
with
E∆∆ = 〈Φ∆|H |Φ∆〉
and
U∆N(k0) = V∆N(k0) +
∫
dk
ωk − ω0 V∆N(k)DN(k0, k) ,
E∆(ω0) = E
∆
∆ −Σ∆(ω0) = E∆ +Σ∆(ε∆)−Σ∆(ω0) ,
Σ∆(ω0) =
∫
dk
ωk − ω0 V∆N(k)V∆N(k) ,
where E∆ = E∆(ω0 = ε∆) is the position of the pole (of
the K matrix). In a practical calculation we can always
adjust a model parameter (e.g. the bare ∆ energy) such
that E∆ corresponds to the experimental value.
The final result for theK matrix, in which the resonant
and the background contributions are explicitly separated,
is
Kpipi(E) = tan δ = pi
ω0
k0
χ(k0, k0)
= pi
ω0
k0
[U∆N(k0)V∆N(k0)
E∆(ω0)− E +D(k0, k0)
]
.
Having obtained the parameters of the scattering state
(14), the calculation of the electro-production amplitudes
is straightforward. In the type of models we are consider-
ing here, the current and the charge density operators can
be split into quark and pion parts:
j(r) = ψ¯γ(16 +
1
2τ0)ψ + i
∑
t
tpit(r)∇pi−t(r) , (17)
ρ(r) = ψ¯γ0(
1
6 +
1
2τ0)ψ − i
∑
t
tpit(r)P
pi
−t(r) , (18)
where P pi stands for the canonically conjugate pion field.
The procedure used to calculate the matrix elements of
(4) and (7) is sketched in appendix A.
5 Results for the Cloudy Bag Model
We shall investigate the capability of the method by calcu-
lating the electro-production amplitudes M1+, E1+, and
S1+ in the resonant J = T =
3
2 channel in the framework
of the Cloudy Bag Model. The Hamiltonian of the model
has the form (9) and (10) with
v(k) =
1
2fpi
k2√
12pi2ωk
ω0MIT
ω0MIT − 1
j1(kR)
kR
,
where ω0MIT = 2.0428. The free parameters are the bag ra-
dius R and the energy splitting between the bare nucleon
and the bare delta. For each R, we adjust the splitting
such that the experimental position of the resonance is
reproduced.
It is a known drawback of the model that the width
of the delta is underestimated, irrespectively of the bag
radius, if the pion decay constant fpi is fixed to the exper-
imental value. By reducing fpi from 93MeV to 83MeV >
fpi > 78MeV we are able to reproduce the experimen-
tal phase shift in the energy range from the threshold
to E ∼ 1300MeV for 0.8 fm < R < 1.1 fm. Since our
aim here is to explore the applicability of the method to
calculate a wide range of baryon properties as measured
in pion-production experiments, rather than to accurately
reproduce particular experimental results, we have not at-
tempted to further adjust the parameters of the model. We
keep R = 1.0 fm and fpi = 81MeV as the standard param-
eter set. Fitting the calculated phase shift with the ansatz
(1) we get C = 12Γ = 58MeV and D = tan δb = −0.42,
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where δb is the background phase shift. The inclusion of
the Roper in (16) contributes less than 5 % to the width.
Taking into account the finite widths of the delta and the
Roper resonances in the evaluation of the sum over inter-
mediate states (see appendix A) has a negligible effect on
the results.
Fig. 1. The M
(3/2)
1+ electro-production amplitude in the CBM
by using R = 1.0 fm and fpi = 81MeV (thick curves), and
multiplied by 1.2 (thin curves). The data points in the figures
are the single-energy values of the SM02K (2GeV) solution of
the SAID piN partial-wave analysis [17].
The dominant magnetic contribution calculated from
(5) is shown in fig. 1. The reason why the experimental
values are underestimated lies in a too weak γN∆ vertex.
In this model it is proportional to the isovector magnetic
moment. For the nucleon its value is typically 20 % lower
than the experimental value, almost irrespectively of the
model parameters [16]. Increasing the calculated ampli-
tude by 20 % we obtain an almost perfect agreement with
the experiment throughout the energy range.
Regarding the E1+ amplitude, we encounter the well-
known problem (see e.g. [18]) of large cancellations of
terms in the expression for the electro-magnetic current,
which leads to unreliable results. Instead, we use current
conservation and calculate E1+ from the charge operator.
The energy dependence of the real and imaginary parts
(fig. 2) shows the correct pattern compared to the experi-
ment, though the calculated magnitude is too small. The
agreement is worse at low energies, although the corre-
sponding experimental uncertainties are large as well.
Since in the K-matrix approach we can extract the
pure resonance contribution at the pole of the K matrix
(this would not be possible if we worked with the T ma-
trix), we can directly compare our results with the calcu-
Fig. 2. The E
(3/2)
1+ electro-production amplitude in the CBM
by using R = 1.0 fm and fpi = 81MeV.
lation of the transition form factors GM1 and GE2 at the
photon point within the same model [15]. We have explic-
itly checked that after substituting our matrix elements of
Vmt in eqs. (21) and (22) by the corresponding bare values
the results of ref. [15] are consistent with ours. However,
while in their calculation of GM1 it was possible to repro-
duce the experimental value by reducing the bag radius –
and hence increasing the strength of the piqq vertex – this
mechanism does not improve the agreement in the case
of the M1+ amplitude. The reason is that increasing the
strength of the quark-pion interaction leads to a larger
width of the resonance, and since
√
Γ appears (implicitly)
in the denominator of the amplitudes (4) and (7), M1+
decreases .
In the ratio of the E1+ andM1+ multipoles (the EMR),
the influence of the too weak γN∆ coupling is strongly
reduced, and the agreement with the experiment above
E ≃ 1150MeV is much better (fig. 3).
In general, the Q2-dependence of the amplitudes is not
well reproduced in the model, partly due to the rather pe-
culiar form of v(k) at large k. Figure 4 shows the energy
dependence of the CMR for two non-zero values of Q2
compared to SAID [17] and MAID [19] results based on
rather scarce experimental data. Our calculation repro-
duces the general pattern, though the magnitude at the
resonance and above it is not well reproduced.
From our results it is possible to extract the resonance
parameters at the pole of the T matrix, based on the
separation of the amplitude into the resonant and back-
ground parts, i.e. T = TR + TB using the parameteriza-
tion [21,22] TR = rΓRe
iφ/(MR − E − iΓR/2). The pa-
rameters can be expressed in terms of A, B, C, and D
which are determined by fitting our results to (1) and
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Fig. 3. The energy dependence of EMR =
Re [E
(3/2)∗
1+ M
(3/2)
1+ ]/|M
(3/2)
1+ |
2 at the photon point in the
CBM, for three sets of model parameters.
(2). Since the parameters of our model were chosen in or-
der to reproduce the phenomenological phase shift, it is
not surprising that the pole of the T matrix appears at
ER = MR − iΓR/2 = (1211 − 49 i)MeV which is almost
exactly at the correct position (1210−50 i)MeV [23]. The
corresponding moduli and phases for the transverse mul-
tipoles are shown in table 1. While the magnitudes are
underestimated, the ratio as well as the phases are much
better reproduced.
6 Summary and conclusions
We have investigated a method to calculate directly the
K matrices of resonant electro-production processes in the
framework of chiral quark models. The main advantage of
the method shows up in the treatment of resonant chan-
nels in which the resonant part of the amplitude can be
separated from the background part in an unambiguous
way. Furthermore, the finite width of the resonance can
be correctly taken into account.
The method has been successfully applied to the calcu-
lation of amplitudes in the ∆ channel in the Cloudy Bag
Model. In spite of the simplicity of the model we have
been able to reproduce reasonably well the behavior of all
amplitudes from the threshold up to the energies where
the two-pion production becomes important. The method
can be applied to other models with more sophisticated
description of quark dynamics which so far have not been
used outside the resonance peak.
In the future we intend to apply the method to the cal-
culation of electro-production amplitudes in other chan-
nels. Particularly interesting is the Roper channel, where
Fig. 4. The energy dependence of CMR =
Re [S
(3/2)∗
1+ M
(3/2)
1+ ]/|M
(3/2)
1+ |
2 at Q2 = 0.1 (thin curves)
and 0.5 (GeV/c)2 (thick curves) in the CBM compared to the
results of SAID and MAID. The experimental CMR in the
∆E ≃ 10MeV vicinity of the ∆ resonance is ≃ (−7.0± 1.5)%
for 0.1 ≤ Q2 ≤ 0.9 (GeV/c)2 [12,20] (rectangle).
the interplay between the resonant part induced by the
excited quark core and the background due to the scat-
tering pion being attached to the nucleon as well as to the
delta, becomes crucial.
This work was supported by the Bilateral Program for
Scientific and Technological Cooperation of the Ministries
of Science, Technology, and Higher Education of Portugal
and Slovenia (GRICES and ARRS Agencies).
A Evaluation of matrix elements
In models in which the pions are linearly coupled to the
quark source it is possible to derive some general rela-
tions for the matrix elements, independent of the particu-
lar quark model. Let us first note that if ΨA is an eigenstate
of the Hamiltonian (9) then
(ωk +H − EA)amt(k)|ΨA〉 = −V †mt(k)|ΨA〉 , (19)
(ωk + ω
′
k +H − EA)amt(k)am′t′(k′)|ΨA〉 =
−
[
V †mt(k)am′t′(k
′) + V †m′t′(k
′)amt(k)
]
|ΨA〉 . (20)
The renormalization of the operator
∑3
i=1 σ
i
mτ
i
t which
appears in the quark parts of the EM currents (see (17)
and (18)) takes the form
〈ΨP∆||
3∑
i=1
σiτ i||ΦN〉 = 〈Ψ
P
∆||V (k0)||ΦN〉
v(k0)
= −
√
k0
ω0
Kpipi(E)
piv(k0)
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Table 1. Resonance pole parameters extracted from the computed E
(3/2)
1+ and M
(3/2)
1+ multipoles, compared to various deter-
minations from data. The moduli r are in units of 10−3/mpi.
R [fm]/fpi [MeV] rE φE rM φM R∆
1.1 / 78 0.95 −160◦ 16 −35◦ −0.034 − 0.047 i
1.0 / 81 0.95 −165◦ 16 −38◦ −0.035 − 0.047 i
0.9 / 83 0.97 −165◦ 16 −40◦ −0.036 − 0.049 i
ref. [21] 1.23 −154.7◦ 21.16 −27.5◦ −0.035 − 0.046 i
ref. [22], MSP fit 1.12 −162◦ 20.75 −36.5◦ −0.040 − 0.047 i
ref. [24], Fit 1 1.22 −149.7◦ 22.15 −27.4◦ −0.029 − 0.046 i
ref. [25], Fit A 1.38 −158◦ 20.9 −31◦ −0.040 − 0.053 i
where we have used (10), (11) and (15).
The pion contribution in (17) and (18) involves two-
pion operators. To illustrate the procedure let us consider
the case of two creation operators: using the conjugate of
(20) and inserting the complete set of states we can write
〈Ψ˜∆(E)|a†mt(k)a†m′t′(k′)|ΦN〉 =
−〈ΦN|V
†
m′t′(k
′)|ΦN〉〈ΦN|amt(k)|Ψ˜∆(E)〉
(ωk + ω′k − ω0)
−
∑
JT
∫
dE′ KJTpipi (E
′)2
1 +KJTpipi (E
′)2
〈ΦN|V †m′t′(k′)|Ψ˜JT (E′)〉
(ωk + ω′k − ω0)
×〈Ψ˜JT (E′)|amt(k)|Ψ˜∆(E)〉 − (k,m, t)↔ (k′,m′, t′) .
(21)
Again, the transition matrix elements involving a(k) and
V (k) can be related to the K matrix, e.g.:
〈ΦN||a(k)||ΨP∆(E)〉 = δ(k − k0)−
〈ΦN||V †(k)||ΨPJT (E)〉
(ωk − ω0) ,
(22)
hence
〈ΦN||a(k)||Ψ˜∆(E)〉 =
K−1pipi δ(k − k0)−
1
pi
√
k0
ω0
χ(k, k0)
(ωk − ω0)χ(k0, k0) .
The expression KJTpipi (E
′)2/(1 + KJTpipi (E
′)2) = sin2 δJT is
proportional to the cross section in the PJT channel and
can be evaluated either from the calculated or the ex-
perimental phase shift. It yields sizable contributions only
close to possible resonances (e.g. the delta and the Roper).
Furthermore, for a sufficiently narrow resonance at
E′ = E∗, this expression can be substituted by
1
2piΓδ(E
′ − E∗) leading to a similar expression as in the
perturbation theory. As a consequence, the matrix ele-
ment 〈Ψ˜JT (E′)|amt(k)|Ψ˜∆(E)〉 in the last term substan-
tially contributes only for JT = 32
3
2 and E
′ ≈ E∆.
A similar procedure is used to extract the one-pion am-
plitude around the bare delta below the 2-pion threshold:
〈∆||a(k)||Ψ∆(E)〉 = −
∫ ∞
EN+mpi
dE′
√
ω′0
k′0
KJTpipi (E
′)2
1 +KJTpipi (E
′)2
×〈Ψ˜∆(E
′)||V †(k)||Ψ˜∆(E)〉
(ωk + E′ − E) .
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